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Abst ract - - In  this paper, we discuss the design for the strategic portfolio involving two kinds of 
stock options and propose a strategic algorithm, which is based on mAY;m;7.1ng the probability that 
the expected capital gain for the investor becomes positive. We show, using the actual data of stock 
and option prices, that the algorithm proposed in this paper is efficient and useful in actual option 
trading. 
INTRODUCTION 
Stock option trading plays a central role in modern financial practice as a means of the risk-hedge 
and is one of the most important financial transactions of investors in actual security markets. 
Following [1-5], the mechanism for the pricing of options in a capital market equilibrium, which 
is a significant contribution from an economical viewpoint, has been considerably explained. 
On the other hand, some research on designs for the strategic portfolio involving stock options 
has also been reported. For instance, Merton, Scholes and Gladstein [6,7] have discussed the 
portfolio strategies involving options and stock and provided empirical evidence of the return 
patters on such portfolio strategies. After their works, Bookstaber and Clarke [8] have shown 
an algorithm for determining the return distribution when an option position is taken on a 
portfolio of stocks. Recently, Lassez, McAloon and Yap [9] and Huynh and Laesez [10] have 
developed an expert system for option-based investment s rategies, applying the constraint logic 
programming (CLP) and referring to the usefulness of CLP to financial management. 
One of the most important factors in constructing the decision-support system, which gives 
logical information to an individual investor, is to exhibit differences of the performance riteria 
for the individual investor. For instance, one may maximize the net expected capital gain, the 
other may desire to minimize his/her portfolio risk. 
The decision-support system in such a situation must be classified into various versions accord- 
ing to kinds of utility for the investor. In actual trading, many investors will not specify their 
own utilities concretely and will desire the useful information on investment without roublesome 
procedures. However, it seems that the matter on the quantitative evaluation for the individ- 
ual investor's portfolio from the viewpoint of statistical or stochastic analysis has not been fully 
researched. This must be seriously taken into consideration. 
In this paper, we focus on a design for the strategic portfolio involving the European stock call 
and put options, which is the so-called strangle, and propose a strategic algorithm with the aid 
of a quantitative analysis. We especially consider that the strategy maximizing the probability 
of the net expected capital gain in the future for the investor becomes positive. This strategy 
is the most important one, which has to be held for the investor at the lowest, though it is the 
most classic one. Using the actual data of stock and option prices, we show that the algorithm 
proposed in this paper is exceedingly useful in actual option trading. 
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2. DESCRIPTION OF THE MODEL 
Assumptions on Stock Price and Market 
Consider a small investor who is not a price-taker in the security market, i.e., the case in which 
the individual investor's action does not influence the security price in the market. We suppe~e 
that his/her portfolio consists of an underlying stock and corresponding European stock options 
and involves a complex combination of them. In this paper, we consider the investment system 
for such an investor. 
Let X(t) be the stock price at time t(> 0), Co(> 0) and P0(> 0) the European call and put 
option prices at the release time t - 0, and K(> 0) and L(> 0) the strike prices of the call and 
put options. Although many models for the evolution of stock prices have been proposed, it has 
been commonly assumed that the stock price at an arbitrary time obeys a lognormal distribution. 
Throughout this paper, we assume that the stock price is lognormally distributed as follows; 
[log(x/zo) - ~t] 
Pr{X(t) _< x )X(O) - z0) = N L ' (1) 
where p is the mean logarithmic stock return per unit time, ~r is the volatility of the stock price 
and N[.] is the Gaussian cumulative distribution function. 
Furthermore, we make the following additive restrictions on the markets and the trszling for 
the investors: 
(1) The markets for options and stocks are frictionless (i.e., there are no restrictions on short 
sale, no transaction costs and no taxes); 
(2) The underlying stock pays no dividends; 
(3) The risk-free rate is constant over the life of the option [0,T] and is equal to r(> 0) per 
unit time; 
(4) The investor does not resell or repurchase the options at an arbitrary time, i.e., he/she 
can settle only by the exercise, or not, at the expiration time t -- T. 
The assumption (iv) may be regarded as a restricted one when we mathematically model the 
investment of the investor in an actual market. In order to discuss the investment s rategies in a 
world in which the so-called arbitrage opportunities can exist, we must make precise formulas for 
option prices, which will be affected by the trading amount as well as the stock price, and must 
show an intrinsic randomness, even if we could neglect the randomness a sociated with the stock 
price variation, as Tanaka et al. [11] has pointed out. It is, however, very difficult to consider 
such a case at the present stage and beyond the scope of this paper. Therefore, in this paper, we 
focus our discussion on the investment ofthe investor who is not interested in resell or repurchase 
of the options. 
Generalization of Strangle Trading 
Ordinarily, the investor will buy the call option if the underlying stock price is expected to rise 
in the future. If the price is expected to fall, he/she will wish to buy the put option. On the other 
hand, the investor may make his/her capital oss limit by holding both call and put options, if 
the stock price is expected to move drastically. Thus, we call the portfolio insurance consisting 
of a pair of two options--a European call and a European put option--strangle. However, it is 
not always effective to construct the strangle when we can predict he future tendency of the 
stock price to a degree by the prior information of the mean logarithmic stock return or by the 
volatility. 
In this paper, we consider the case in which the investor makes a portfolio by purchasing nc 
units of call option and np units of put option. We call this strategy generalized strangle in this 
paper. In the generalized strangle, it is important to know how the investment amount of no or np 
should be determined rationally and effectively. Of course, it is not always proper to purchase 
both call options and put options, since the option premium in actual markets may be too high. 
In the situation above, the capital gain I /o f  the investor who holds the generalized strangle at 
the maturity is represented as
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v = n,  (X (T )  - K )  + - n,  Co ~, r  + n~ (L - X(T))+ -np  eo e "r, 
where (z) + means max{z, 0}. 
(2) 
Quantitative Measure of Generalized Strangle 
In decision-making for the investor who intends to make the generalized strangle trading, the 
most important problem is how to choose the mo6t effective xercise prices K and L and how 
to decide the optimal investment amounts nc and np. The capital gain V is a random variable 
because of the random nature of the stock price. Therefore, we must quantitatively evaluate its 
"value" from a probabilistic or statistical viewpoint. The most fundamental method is to apply 
the expectation value. However, since we can obtain the stock price distribution in an analytical 
form, we apply another measure for the gain V as well as its expectation. 
The expected capital gain V is immediately derived as 
E[VI = n¢E [(z - K )  + - Co e r~r I X(0) = zo] +np E [(L - z) + - Po e rr  [ X(0) -- zo] 
= npyp +ncyc ,  
(3) 
where 
Y°=~°eO'+e/2)TNrI°g('°IK)+(~'+°2)T]L ;7~ j - KN [log(zo/K)+pT]~ j - Co erT, (5) 
and where E[.] denotes an operator to take expectation. The quantities yr and yc represent the 
expected capital gain per unit of put and call option. Since E[V] is a linear function of yp and y, 
as shown in Equation (3), there are no optimal investment amounts of np and n¢ maximizing 
the E[V]. 
The expected gain E[V] is important but not suitable for determining the optimal amounts np 
and n¢. Consequently, we introduce the probability that the investor can get a positive gain at 
the maturity, utilizing the probability distribution of the stock price given by Equation (1). If 
the stock price at the maturity is beyond the exercise price, the investor will wish to exercise 
the call option to obtain more profit; otherwise, he/she will exercise the put option. If the 
profit is beyond the total option premium, the net capital gain becomes positive. Therefore, the 
capital gain for the portfolio becomes positive, if np (L - X(T)) >np Po exp(rT) + nc C0 exp(rT) 
or nc (X(T )  - K )  >np Po exp(rT) + nc Co exp(rT). Accordingly, the probability that the net 
capital gain becomes positive is given by 
{ (') 1 + Pr X(T) > K + Co e "T + ~ Poe "r [ X(O) = ~o 
Io- ~ L-("4"t) Co ,r~-_po ~,T "] St -o  ) -~T  
J 
+l -N[ r l °g  (~+¢° e'T+(nr/"~) P°e '~ '~ ) - / sT ]  , 
(6) 
The ratio nc/np should be selected to maximize the probability Pr{V > 0). However, it is 
difficult to show analytically the behavior of Pr{V > O} as a function of the ratio nc/np. Hence, 
we use a numerical calculation to observe the behavior. Figure 1 shows the probability that 
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Figure 1. Behavior of the probability for varying nc/np. 
the net capital gain becomes positive as a function of ndn p. In this example, the values of the 
parameters are specified as follows: z0 -- 40[$], L = 38[$], K = 42[$], ~r - 0.20, and the option 
prices Co and P0 are given in [1]. 
Figure 1 shows that the optimal ratio (nJnp)*, which maximizes the probability Pr{V > 0}, 
uniquely exists and depends upon the mean logarithmic stock return p. Similarly, we can also 
find that the value of optimal ratio changes by the other parameters #, K, L, Co and P0. 
Strategic Algorithm for Generalized Strangle 
The investor will wish to maximize both E[V~ and Pr{V > 0} in the generalized strangle 
trading. It is, however, difficult to obtain the solution which simultaneously maximizes those 
quantitative measures. We formulate this problem as one with two sequential objective functions, 
i.e., maximization of Pr{V > 0} follows the procedure of maximization of E[Y]. In addition, it 
should be noted that the investor must select an exercise price for the call or put option from the 
various prices set up in advance. Figure 2 shows an algorithm to select he proper exercise prices 
K, L and the optima] ratio (nc/np)'. In the following section, we apply this strategic algorithm 
to a numerical example. 
/ l.npmK, L lCoPo~,o' /  
÷ 
[,++,.o,..+,,,+,+.,,,,+.[ 
Yes 
Ycl / 
+/ 
Buy put options. 
+ 
Buy call options. / 
Calculat~ the opdmum (nc/~" from Pr{V >0). l
÷ 
Figure 2. Strategic algorithm ~for senera]is~d s t r~ trading. 
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3. NUMERICAL EXAMPLE 
We apply the algorithm above to the actual dataset of options and discuss its efficiency. In 
particular, we consider the stock index option, so-called "OPTION 25" (Nagoya Stock Exchange 
Market in Japan), under the assumption that the stock index follows the lognormal distribution 
in Equation 1. 
Suppose that we take the strategy of the generalized strangle for the stock index option by 
applying the above algorithm to the data of April 15, 1991. Table 1 presents the fundamental 
data for this illustration. 
Table 1. Original data. 
Stock Index Price--955.25[yen] (April 15, 1991) 
Call Option Put Option 
Strike Price Premium Strike Price Premium 
950 25.0 900 2.0 
975 13.0 925 6.0 
1000 6.0 950 15.0 
Risk-Free Rate--0.06 
Length of Option in Years--0.06575 
(from April 15, 1991 to May 9, 1991) 
For applying the algorithm, we estimate the mean logarithmic stock index return p and volatil- 
ity a in short term, using the method of maximum likelihood. The sampling data for the stock 
index is from March 13, 1991 to April 15, 1991. Thus, we obtain 
: -0.0550, o" = 0.187. 
Consequently, by substituting the original data and the estimated values above into Equations (4) 
and (5) and proceeding the numerical calculation, we can obtain the values of yp and Yc as shown 
in Table 2. 
Table 2. Expected capital gain of one unit call and put options. 
Call Option Put Option 
K ~ L yp 
950 -5.341 900 0.560 
975 -3.532 925 1.381 
1000 -2.127 950 1.791 
According to our algorithm, we can make a decision to buy only the put option whose exercise 
price is 950. The original data in Table 1 gave the stock index 932.51[yen] at the maturity 
(May 9, 1991) per one unit. Thus, if we had bought he put options according to this strategic 
algorithm, we would have obtained the net capital gain 2.43[yen]. 
4. CONCLUDING REMARKS 
The quantitative consideration for the portfolio involving various assets is considerably com- 
plex. Especially, we have discussed the generalized strangle trading in this paper and proposed 
a strategic algorithm, which is obtained by maximizing the expected capital gain and the proba- 
bility that the gain becomes positive. The decision-making procedure we have proposed is a very 
simple but important one, since it consists of the conditions which have to be held for the investor 
at the lowest. Furthermore, we have shown through a numerical example that our algorithm is 
useful in actual strangle trading. 
As an important future problem for research, we must develop the other algorithm for the 
various combinations ofstock options by applying the result obtained in this paper. Furthermore, 
it is necessary to investigate the case with dividends and the case that the investor settles by 
reselling or repurchasing the options. 
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